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Abstract
Gutman, Alex James. M.S., Department of Mathematics and Statistics,
Wright State University, 2009. Circulant Weighing Matrices.
The existence status of previously open cases of circulant weighing matrices
will be established using various techniques. The results fill in 52 missing en-
tries in Strassler’s Table of Circulant Weighing Matrices [16], which considers
matrices of order 1 - 200 with weight k ≤ 100.
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1 Introduction
A weighing matrix W = W (n, k) of order n with weight k is a square matrix
W of order n and entries wi,j ∈ {−1, 0,+1} such that
WW T = kIn
where W T is the transpose of W and In is the n× n identity matrix.
A circulant weighing matrix, denoted CW (n, k) (or simply C when the
parameters are clear), is a special type of weighing matrix in which every
row, save for the first, is a right cyclic shift of the previous row. A trivial
example of a circulant weighing matrix is In.
Circulant weighing matrices can also be represented in the context of
abelian groups. We label the first row of CW (n, k) by a cyclic group G of
order n. Let g generate G.
Define
P = {gi|C(1, i) = 1, i = 0, 1, ...n− 1}
and (1)
N = {gi|C(1, i) = −1, i = 0, 1, ...n− 1}.
It is clear that |P |+ |N | = k.
Theorem 1.1 For C = CW (n, k),
(i) k = s2 for some integer s, and
(ii) |P | = ss+s
2
and |N | = s2−s
2
.
The proof can be found in [14].
Example 1.2 A nontrivial example of a circulant weighing matrix is
C = CW (7, 4) =

−1 1 1 0 1 0 0
0 −1 1 1 0 1 0
0 0 −1 1 1 0 1
1 0 0 −1 1 1 0
0 1 0 0 −1 1 1
1 0 1 0 0 −1 1
1 1 0 1 0 0 −1

.
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It is easy to check CCT = 4I7 and each row is a right cyclic shift of the
previous row. Using group notation, P = {g, g2, g4} and N = {g0 = 1}.
2
2 Preliminaries
As previously mentioned, circulant weighing matrices can be represented in
the context of groups. Specifically, CW (n, k) can be viewed as an element of
the group ring of a multiplicatively written group G over Z. For our purpose,
we will only consider cyclic groups G, and we will denote the group ring as
ZG. For S ⊆ G, we let S denote the element ∑x∈S x of ZG. For more on
group rings, refer to [8] and [16].
Definition 2.1 Let t be an integer and A ∈ ZG. For A = Σg∈Gagg, we
define A(t) = Σg∈Gagg
t.
Be careful not to confuse A(t) with At, which is A multiplied by itself t times.
Also, with circulant weighing matrices, ag ∈ {0,±1}.
Theorem 2.2 A CW (n, k) exists if and only if there exist disjoint subsets
P and N , as in (1), such that
(P −N)(P −N)(−1) = k (2)
in ZG. See [3] for details.
Example 2.3 Consider CW (7, 4) in Example 1.2. P −N = −1+g+g2 +g4
and (P − N)(−1) = −1 + g3 + g5 + g6. A simple calculation verifies (P −
N)(P −N)(−1) = 4.
Notice the group ring element P −N corresponds to the first row of the
matrix.
2.1 Multipliers
Definition 2.4 Let G be a group of order n and A ∈ ZG. Any integer t
with (n, t) = 1 is called a multiplier of A if A(t) = Ag for some g ∈ G.
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Theorem 2.5 (The Multiplier Theorem [13]) Let G be a finite abelian
group of order n. Let A be an element of ZG such that AA(−1) = k for some
integer k relatively prime to n. Let
k = pe11 . . . p
es
s
where the pi’s are distinct primes. Suppose there are integers t, f1, . . . , fs
such that
t ≡ pf11 ≡ . . . ≡ pfss (mod n).
Then, t is a multiplier of A.
Remark 2.6 If A = Σgagg ∈ ZG such that (Σgag, |G|) = 1, then A(t) = A
for any multiplier t. Thus, the multiplier t “fixes” A. This result is from
Arasu and Ray-Chaudhuri in [7]
Referring to P and N in (1) and (2), we can apply the Multiplier Theorem
when k = s2 since (P − N)(P − N)(−1) = k. For multiplier t, we have
(P −N)(t) = P −N . i.e. P (t) −N (t) = P −N , which implies P (t) = P and
N (t) = N , as P and N have coefficients equal to 0 or 1. Therefore, we can
create orbits by applying the action x 7→ tx to the elements of Zn (which
is isomorphic to G), and P and N are unions of some of these orbits. It’s
important to note that every element in an orbit has the same value.
Example 2.7 Consider CW (7, 4). |G| = 7 and k = 22, so 2 is a multiplier
that fixes P and N . The orbits of Z7 under x 7→ 2x are {0}, {1, 2, 4}, and
{3, 6, 5}. P = {g, g2, g4} corresponds to orbit {1, 2, 4} and N to {0}. The
use of exponents to describe orbits will simplify the notation for future use.
Definition 2.8 To easily classify the orbits of Zn for a given multiplier, we
define the orbit spectrum as xi11 x
i2
2 x
i3
3 ...x
im
m where xj is the size of an orbit
and ij is the number of orbits with size xj. A orbit of size 1 will be known
as a singleton.
Example 2.9 The orbit spectrum of Z7 with 2 as a multiplier is 1
132. (See
2.7).
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2.2 Integer Circulant Weighing Matrices
We now turn our attention to a special group of circulant matrices. These
“new” matrices are an integral part of this research. For more information
on this topic, please see [5] and [16].
Definition 2.10 An integer circulant weighing matrix of order n with weight
k, denoted ICW (n, k), is simply a circulant matrix M with integer entries
such that MMT = kIn. A CW (n, k) is an ICW (n, k), but unlike a circulant
weighing matrix, ICW (n, k)’s entries are not confined to {0,±1}.
The group ring notation and Multiplier Theorem discussed earlier apply
here. Also, as with circulant weighing matrices, if ICW (n, k) exists, then
k = s2 for some integer s. We say an ICW (n, k) is trivial if ICW (n, k) = sIn.
In group ring notation, an integer circulant weighing matrix A is trivial if
A = s.
In order to find trivial weighing matrices, we can apply a variation of
Ma’s Lemma from [12].
Lemma 2.11 (Ma’s Lemma) Let G be an abelian group and A belong to
the group ring ZG such that AA(−1) = s2 for some integer s. Assume there
exists a prime p such that
(i) p2r|s2 for some positive integer r, and
(ii) pf ≡ −1 (mod |G|) for some nonnegative integer f .
Then A ≡ 0 (mod pr).
Another important concept for this research was that of projecting, as
described by Strassler in [16] (He used the term “folding”). First, we note
that every group homomorphism φ : G → H can be linearly extended to
a ring homomorphism of group rings, σ : ZG → ZH, where σ(Σg∈Gagg) =
Σg∈Gagσ(g). Next, in order to clarify the projection of ICW s, a change
of notation will take place. If an element A belongs to the group ring ZG
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with |G| = n, we write A = Σg∈Gagg. However, we could also write A in
polynomial notation as a function of g:
A(g) =
n−1∑
i=0
aig
i.
Theorem 2.12 (The Projection Theorem) Let g generate the cyclic
group G of order n. Let A(g) =
∑n−1
i=0 aig
i be an ICW (n, k). Define m =
max0≤i≤n−1 |ai|. If d|n, then
B(ġ) =
d−1∑
i=0
(
∑
j≡i (mod d)
0≤j≤n−1
aj)ġ
i (3)
is the generating polynomial of an ICW (d, k) whose coefficients bi =
∑
j≡i (mod d)
0≤j≤n−1
aj
satisfy |bi| ≤ mnd . ġ is the generator of a cyclic group of order d.
Remark 2.13 If A(g) =
n−1∑
i=0
aig
i is an ICW (n, k), with k = s2, then
n−1∑
i=0
ai =
s and
n−1∑
i=0
ai
2 = s2.
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3 Known Existence Results
The objective of most research on circulant weighing matrices revolves around
a natural question: For a given weight k, what are the possible values of n
such that CW (n, k) exists? For smaller weights, (1, 4, 9, and 16) the orders
n have been completely determined. The case when k = 1 is trivial.
Theorem 3.1 (Eades and Hain [10]) A CW (n, 4) exists if and only if n is
even ( 6= 2) or 7|n.
Theorem 3.2 (Strassler and Arasu et al. [1]) A CW (n, 9) exists if and only
if 13|n or 24|n.
Theorem 3.3 (Arasu et al. [5]) A CW (n, 16) exists if and only if n ≥ 21
and 14|n, 21|n, or 31|n.
Theorem 3.4 ((Seberry) Wallis and Whiteman [15]) If q is a prime power,
then there exists CW (q2 + q + 1, q2).
Theorem 3.5 (Eades [9]) If q is a prime power, q odd and i even, then there
exists CW ( q
i+1−1
q−1 , q
i).
Theorem 3.6 (Arasu, Dillon, Jungnickel, and Pott [3]) If q = 2t and i is
even, then there exists CW ( q
i+1−1
q−1 , q
i).
Theorem 3.7 (Geramita and Seberry [11]) If there exists CW (n1, k) and
CW (n2, k) with (n1, n2) = 1, then there exist
(i) CW (mn1, k) for all positive integers m;
(ii) two inequivalent CW (n1n2, k);
(iii) CW (n1n2, k
2).
7
4 New Results
The known existence theorems could not be applied to the following matri-
ces. These cases were previously open, so each was examined on an individual
basis, employing the techniques discussed in Section 2. To clarify some tech-
niques, the first proof will include more detail to help the reader visualize
each step. The Multiplier Theorem is used throughout this section, and each
proof will show the necessary conditions of the theorem are satisfied. Also, as
in Example 2.7, orbits will be described by using exponents rather than the
actual terms. (i.e. P = {g, g2, g4} will be written as P = {1, 2, 4}). Because
the natural numbers describe our orbits and G ∼= Zn, we will use Zn as our
arbitrary cyclic group from this point forward. Although the actual orbits
are not shown, the curious reader could easily create the orbits if desired.
The term projecting implies the application of natural homomorphism
φ : Zn → Zd when d|n. Thus, the Projection Theorem is taking place on the
group ring elements underneath this operation. The term lifting implies an
undoing of the projection, which brings the matrix back to its original state.
Important note to reader: All proofs being with the assumption
that the CW (n, k) under investigation exists.
Proposition 4.1 There does not exist any CW (77, 62).
Proof
4 ≡ 22 ≡ 34 (mod 77).
Therefore, 4 is a multiplier of Z77 and produces 9 orbits with a spectrum
113252154. Projecting from Z77 to Z11, and using 4 as a multiplier on Z11
gives the orbits {0}, {1,4,5,9,3}, and {2,8,10,7,6}. From Remark 2.13, we
have the equations a + 5b + 5c = 6 and a2 + 5b2 + 5c2 = 36, where a is the
value (i.e. coefficient) of the singleton, b is the value of each term in the orbit
{1,4,5,9,3}, and c is the value of each term in {2,8,10,7,6}. Since a ≡ 1 (mod
5), we must have a = 6, a = 1, or a = −4 (−7 ≤ a ≤ 7 by the Projection
Theorem.)
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If a = 1, then b+ c = 1 and b2 + c2 = 7. This is not possible, so a = 6 or
a = −4.
In Z77, the singleton and orbits of size 3 contain all multiples of 11, so
these orbits “project” into a. Thus, a = x+ 3y + 3z where x, y, z ∈ {0,±1}.
x is the singleton value of Z77, and a = 6 or -4 forces x to be 0 or -1.
Projecting from Z77 to Z7, using 4 as a multiplier, gives the equations
a′ + 3b′ + 3c′ = 6 and a′2 + 3b′2 + 3c′2 = 36. Since a′ ≡ 0 (mod 3), we must
have a′ = 6, 3, 0, or −3. If a′ = 0, then b + c = 2 and b′2 + c′2 = 12. This
is not possible. If a′ = 3, then b + c = 1 and b′2 + c′2 = 9. This is also not
possible, so either a′ = 6 or a′ = −3.
In Z77, the singleton and orbits of size 5 contain all multiples of 7, so
these orbits project into a′. Thus, a′ = x+ 5u+ 5v where u, v ∈ {0,±1}. We
know x must equal 0 or -1, but 6 or -3 6= 5u+ 5v and 6 or -3 6= −1 + 5u+ 5v
for u, v ∈ {0,±1}. We have a contradiction.
Thus, there cannot exist CW (77, 62). Q.E.D.
Proposition 4.2 There does not exist any CW (81, 72).
Proof
7 ≡ 7 (mod 81).
Using 7 as a multiplier, Z81 has the orbit spectrum 1
33292272. By Theorem
1.1, |P | = 28 and |N | = 21. Thus, the +1’s must come from an orbit of size
27 and a singleton. Let A and B be the orbits of size 27. A = {1, 7, 49, 19, ...}
and B = {2, 14, 17, 38, ...}. So, x ≡ 1 (mod 3) ∀x ∈ A and y ≡ 2 (mod 3)
∀y ∈ B. Projecting from Z81 to Z3 gives the equations a + b + c = 7 and
a2 + b2 + c2 = 49, where a, b, c are constant values on the orbits {0}, {1}, {2},
respectively. But, when either A or B project to {1} or {2} in Z3, 27 is too
large to satisfy the equations.
Thus, there cannot exist CW (81, 72). Q.E.D.
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Proposition 4.3 There does not exist any CW (117, 102).
Proof We can project from CW (117, 102) to ICW (13, 102). Let A be the
group ring element corresponding to the first row of ICW (13, 102). Note that
52 ≡ −1 (mod 13) and 26 ≡ −1 (mod 13). By Ma’s Lemma, A ≡ 0 (mod 5)
and A ≡ 0 (mod 2). Thus, A ≡ 0 (mod 10). However, projecting from
Z117 to Z13 only allows coefficients from [−9, 9]. We have a contradiction.
Thus, there cannot exist CW (117, 102). Q.E.D.
Proposition 4.4 There does not exist any CW (143, 102).
Proof
25 ≡ 52 ≡ 218 (mod 143).
So, 25 is a multiplier of Z143 and creates the orbit spectrum 1
126521012.
Projecting from Z143 to Z11 gives equations a+5b+5c = 10 and a
2+5b2+5c2 =
100, where a, b, and c are constant values on the orbits. There are two
solutions to these equations (WLOG on b and c): (i) a = 0, b = −2, and
c = 4, and (ii) a = 10, b = c = 0.
Thus, the values in Z11, ({0}, {1,3,9,5,4}, and {2,6,7,10,8}), are all even.
If we focus on elements ≡ 1 (mod 11) and lift from Z11 to Z143, the multiplier
25 gives 6 orbits of size 10 that contain exactly 2 elements ≡ 1 (mod 11) and
1 orbit of size 5 that contains a single element ≡ 1 (mod 11). All elements
≡ 1 (mod 11) must add to an even number (i.e. b), so the element in the
orbit of size 5 is 0. An orbit holds a constant value, so the entire orbit of size
5 is empty.
Now, if we focus on elements ≡ 2 (mod 11) and lift from Z11 to Z143,
a similar situation happens and the other orbit of size five is forced to be
empty. This leaves the spectrum 11261012 to make the 55 +1’s and 45 −1’s
needed to satisfy the weight. This is not possible.
Thus, there does not exist CW (143, 102). Q.E.D.
10
Proposition 4.5 There does not exist any CW (175, 62).
Proof
4 ≡ 22 ≡ 346 (mod 175).
Thus, 4 is a multiplier of Z175 and produces the orbit spectrum 1
1223264102304.
Project from Z175 to Z25. Using 4 as a multiplier at the Z25 gives the orbit
spectrum 1122102. Also, we see that 210 ≡ 310 ≡ −1(mod 25). From Ma’s
Lemma, ICW (25, 62) is trivial.
Now, lift from ICW (25, 62) to CW (175, 62). The singleton and orbits of
size 3 in Z175 are multiples of 25, so these orbits must add to 6. An orbit
holds a constant value, so the orbits of size 3 contain +1, and the singleton
contains 0. This leaves the spectrum 2264102304 to make the 15 remaining
+1’s to make |P | = 21, which is impossible.
Thus, there cannot exist CW (175, 62). Q.E.D.
Proposition 4.6 There does not exist any CW (182, 52).
Proof
5 ≡ 5 (mod 182).
5 is a multiplier and produces the orbit spectrum 1246621212. Projecting
from Z182 to Z7 gives equations a + 6b = 5 and a
2 + 6b2 = 25, where a and
b are constant values on the orbits. The only solution is a = 5, b = 0. Thus,
the elements ≡ 0 (mod 7) in Z182, which are in the orbits of size 4 and the
singletons, add to 5. So, a singleton must be +1.
Projecting from Z182 to Z13 and using 5 as a multiplier gives equations
a′ + 4b′ + 4c′ + 4d′ = 5 and a′2 + 4b′2 + 4c′2 + 4d′2 = 25, where a′, b′, c′, and
d′ are constant values on the orbits at the Z13 level. There are two solutions
to these equations: (i) a′ = 5 and b′ = c′ = d′ = 0, and (ii) a′ = −3, with
exactly one of b′, c′, or d′ =2. So, the elements ≡ 0 (mod 13) in Z182, which
are in the orbits of size 6 and both singletons, project into a′ and add to 5
11
or -3. We know one singleton is +1, so it follows that 1 + x+ 6y+ 6z = 5 or
−3, where x, y, z ∈ {0,±1}. This has no solution.
Thus, there does not exist CW (182, 52). Q.E.D.
Proposition 4.7 There does not exist any CW (145, 72).
Proof
7 ≡ 7 (mod 145).
7 is a multiplier and produces the orbit spectrum 114174284. Projecting from
Z145 to Z5, we can apply Ma’s Lemma since 7
2 ≡ −1 (mod 5). Thus, only
the trivial solution to ICW (5, 72) exists.
Now, lift from ICW (5, 72) to CW (145, 72). The singleton and orbits of
size 7 in Z145 are ≡ 0 (mod 5), so these orbits must add to 7. Therefore,
the singleton is empty and one orbit of size 7 contains +1’s. This leaves the
orbit spectrum 4173284 to make the remaining 21 +1’s and 21 −1’s needed
to satisfy the weight. This is not possible.
Thus, there does not exist CW (145, 72). Q.E.D.
Proposition 4.8 There does not exist any CW (46, 62), CW (69, 62),
or CW (92, 62).
Proof
4 ≡ 22 ≡ 33 (mod 23).
Projecting from Z46 to Z23 with multiplier 4 gives the equations a+11b+11c =
6 and a2+11b2+11c2 = 36 where a, b, and c are constant values on the orbits.
It is easy to see there are only two solutions to these equations: (i) a = 6,
b = c = 0 and (ii) a = −5 and either b or c =1, but not both. But, projecting
from Z46 to Z23 only allows coefficients from [−2, 2].
Thus, there cannot exist CW (46, 62)
It follows from similar proofs that there cannot exist CW (69, 62) or
CW (92, 62) since the Projection Theorem will be violated. Q.E.D.
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Proposition 4.9 There does not exist any CW (70, 82).
Proof
2 ≡ 2 (mod 35).
Project from Z70 to Z35. Using 2 as a multiplier, the orbit spectrum of
Z35 is 1
13241122. From Ma’s Lemma, 22 ≡ −1 (mod 5) implies only the
trivial solution exists at the Z5 level with ICW (5, 8
2). Thus, the multiples
of 5 at the Z35 level, which are the singleton and orbits of size 3, add to 8.
x + 3y + 3z = 8 ⇒ x ≡ 2 (mod 3) where x is the singleton of Z35 and
x, y, z ∈ {0,±1,±2}.
Projecting from Z35 to Z7 gives equations a+ 3b+ 3c = 8 and a
2 + 3b2 +
3c2 = 64, where a, b, c are constant values on the orbits (2 is still being used
as the multiplier). There are four solutions to these equations (WLOG on b
and c):
(i)a = 8, b = c = 0,
(ii)a = 5, b = 3, c = −2,
(iii)a = 2, b = 4, c = −2,
(iv)a = −4, b = 4, c = 0.
The multiples of 7 at the Z35 level, which are the singleton and orbit of
size 4, project into a and add to 8, 5, 3, or -2. So, a = x+ 4v = 8, 5, 2, or -4
where x is the singleton of Z35 and x, v ∈ {0,±1,±2}. We know from above
that x ≡ 2 (mod 3).
If a = 8 or -4, then x ≡ 0 (mod 4). But, x ≡ 0 (mod 4) and x ≡ 2
(mod 3) has no solutions for x ∈ {0,±1,±2}. Thus, a 6= 8 or -4.
If a = 5, then x ≡ 1 (mod 4). But, x ≡ 1 (mod 4) and x ≡ 2
(mod 3) has no solutions for x ∈ {0,±1,±2}. Thus, a 6= 5.
If a = 2, then x ≡ 0 (mod 2). x ≡ 0 (mod 2) and x ≡ 2 (mod 3)
implies x, the singleton value of Z35, is 2. Thus, we know that a, the singleton
value of Z7, must be 2.
The orbits at the Z7 level are {0}, {1, 2, 4}, {3, 6, 5} and the only solution
is a = 2, b = 4, c = −2. If we focus on elements ≡ 1 (mod 7), which add
13
to b(= 4) and lift from Z7 to Z35, the multiplier 2 gives an orbit of size 12
that contains exactly 4 elements ≡ 1 (mod 7) and an orbit of size 3 that
contains a single element ≡ 1 (mod 7). These elements ∈ {0,±1,±2} and
add to 4. Thus, the orbit of size 12 contains +1’s and the orbit of size 3 is
empty.
When we lift from Z35 to Z70, the orbit of size 12 with the +1’s will lift 12
0’s and 12 +1’s into CW (70, 82). This is a contradiction because CW (70, 82)
only has six 0’s.
Thus, there cannot exist CW (70, 82). Q.E.D.
Proposition 4.10 There does not exist any CW (98, 82).
Proof
2 ≡ 2 (mod 49).
Project from Z98 to Z49. This ICW in Z49 can only have values {0,±1,±2}.
Using 2 as a multiplier, the orbit spectrum of Z49 is 1
132212 with equations
(i) a + 3b + 3c + 21d + 21e = 8 and (ii) a2 + 3b2 + 3c2 + 21d2 + 21e2 = 64
where a, b, c, d, e are constant values on the orbits.
Focus on the orbits of size 21. Neither d nor e can be ±2 because this
would make equation (ii) too large. Thus, WLOG, we have three cases to
consider. (1) d = e = ±1, (2) d = ±1, e = 0, or (3) d = e = 0.
If (1) is satisfied, d2 = e2 = 1, and (ii) becomes a2+3b2+3c2+21+21 = 64.
a2 + 3b2 + 3c2 = 22 has no solutions for a, b, c ∈ {0,±1,±2}.
If (2) is satisfied, d2 = 1, e2 = 0, and (ii) becomes a2 +3b2 +3c2 +21 = 64.
a2 + 3b2 + 3c2 = 43 has no solutions for a, b, c ∈ {0,±1,±2}.
If (3) is satisfied, d2 = e2 = 0, and (ii) becomes a2 + 3b2 + 3c2 = 64.
a2 + 3b2 + 3c2 = 64 has no solutions for a, b, c ∈ {0,±1,±2}.
Thus, there cannot exist CW (98, 82). Q.E.D.
Proposition 4.11 There does not exist any CW (154, 82).
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Proof Project from Z154 to Z77. Using 2 as a multiplier, the orbit spectrum
at Z77 is 1
132101302 with equations (i) a+ 3b+ 3c+ 10d+ 30e+ 30f = 8 and
(ii) a2 + 3b2 + 3c2 + 10d2 + 30e2 + 30f 2 = 64 where a, b, c, d, e, f are constant
values on the orbits.
25 ≡ −1 (mod 11), so by Ma’s Lemma, ICW (11, 82) has only the trivial
solution. Thus, the elements in Z77 ≡ 0 (mod 11), which are in the orbits
of size 3 and the singleton, add to 8. a + 3b + 3c = 8 ⇒ a ≡ 2 (mod 3).
a ∈ {0,±1,±2}, so a = 2 or a = −1. We see there are three solutions to this
equation (WLOG on b and c).
(i) a = 2, b = 2, c = 0, (ii) a = 2, b = 1, c = 1, and (iii) a = −1, b =
2, c = 1. As a result, a2 + 3b2 + 3c2 = 16 or 10, and equation (ii) becomes
either 10d2 + 30e2 + 30f 2 = 48 or 10d2 + 30e2 + 30f 2 = 54. Neither of these
have solutions.
Thus, there cannot exist CW (154, 82). Q.E.D.
Proposition 4.12 There does not exist any CW (165, 92).
Proof
3 ≡ 3 (mod 55).
Project from Z165 to Z55. Using 3 as a multiplier, the orbit spectrum at Z55
is 114152202 with equations (i) a + 4b + 5c + 5d + 20e + 20f = 9 and (ii)
a2 +4b2 +5c2 +5d2 +20e2 +20f 2 = 81 where a, b, c, d, e, f are constant values
on the orbits.
32 ≡ −1 (mod 5), so by Ma’s Lemma, ICW (5, 92) is trivial. Thus,
the elements in Z55 ≡ 0 (mod 5), which are in the orbits of size 5 and the
singleton, add to 9. a+ 5c+ 5d = 9⇒ a ≡ 4 (mod 5). a ∈ {0,±1,±2 ± 3},
so a = −1.
Now, projecting from Z55 to Z11 with 3 as a multiplier gives equations
x + 5y + 5z = 9 and x2 + 5y2 + 5z2 = 81, where x, y, z are constant values
on the orbits of Z11. x ≡ 4 (mod 5) and x ∈ [−9, 9]⇒ x = −6,−1, 4, or 9.
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The multiples of 11 (i.e the elements that project into x) at the Z55 level,
which are the singleton and orbits of size 4, add to -6, -1, 4, or 9. We know
from above that the singleton of Z55, or a, is -1. So, x = {−6,−1, 4, 9} =
−1 + 4b. Since b ∈ {0,±1,±2,±3}, it is easy to see that x = −1 is the only
possibility.
Returning to the equations at the Z11 level with x = −1, it follows that
5y + 5z = 10 and 5y2 + 5z2 = 80. However, y + z = 2 and y2 + z2 = 16 has
no solutions.
Thus, there cannot exist CW (165, 92). Q.E.D.
Proposition 4.13 There does not exist any CW (114, 102).
Proof
5 ≡ 5 ≡ 216 (mod 19).
Projecting from Z114 to Z19 with multiplier 5 gives the equations a+9b+9c =
10 and a2+9b2+9c2 = 100 where a, b, and c are constant values on the orbits.
It is easy to see there are only two solutions to these equations: (i) a = 10,
b = c = 0 and (ii) a = −8 and either b or c =2, but not both. But, projecting
from Z114 to Z19 only allows entries from ±6.
Thus, there cannot exist CW (114, 102). Q.E.D.
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4.1 Matrices with Trivial ICW
All matrices in this section were shown to be non-existent using similar meth-
ods. A general proof is described, and a table shows the results.
Proposition 4.14 According to the Projection Theorem, a CW (n, k) can be
projected to an ICW (d, k) if n = dm for some d,m ∈ Z. However, when
s > m, (s2 = k), it is impossible to lift from ICW (d, k) to CW (n, k) with
final values of -1, 0, or 1 because the singleton of ICW (d, k), according to the
Projection Theorem, can have a maximum value of m. (Refer to Proposition
4.3 for a written example.) In each of the following cases, only a trivial ICW
exists at a lower level Zd when s >
n
d
.
Thus, it is impossible to construct these matrices.
The Multiplier Theorem and Ma’s Lemma were used extensively through-
out this section to find the trivial ICW s.
The multiplier is the first number in the congruence relation.
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Table 1: Matrices with Only Trivial ICW
CW (n, s2) Multiplier of trivial ICW d,m
(55, 62) 9 ≡ 32 ≡ 26 (mod 55) 55,1
(110, 62) 9 55,2
(165, 62) 9 55,3
(47, 62) 8 ≡ 23 ≡ 35 (mod 47) 47,1
(94, 62) 8 47,2
(141, 62) 8 47,3
(188, 62) 8 47,4
(71, 62) 2 ≡ 311 (mod 71) 71,1
(142, 62) 2 71,2
(85, 62) 2 ≡ 314 (mod 17) 17,5
(92, 82) 2 ≡ 2 (mod 23) 23,4
(94, 82) 2 ≡ 2 (mod 47) 47,2
(118, 102) 5 ≡ 26 (mod 59) 59,2
(138, 82) 2 ≡ 2 (mod 23) 23,6
(141, 92) 3 ≡ 3 (mod 47) 47,3
(142, 82) 2 ≡ 2 (mod 71) 71,2
(153, 102) 4 ≡ 22 ≡ 512 (mod 17) 17,8
(158, 82) 2 ≡ 2 (mod 79) 79,2
(177, 92) 3 ≡ 3 (mod 59) 59,3
(178, 82) 2 ≡ 2 (mod 89) 89,2
(188, 82) 2 ≡ 2 (mod 47) 47,4
(190, 62) 2 ≡ 37 (mod 95) 95,2
(190, 82) 2 ≡ 2 (mod 95) 95,2
(110, 82) 2 ≡ 2 (mod 55) 55,2
(138, 92) 3 ≡ 3 (mod 23) 23,6
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4.2 Matrices in Violation of Theorem 1.1
The circulant weighing matrices in this section were shown to be nonexistent
because their multipliers and orbit spectrum did not allocate enough room
for the ±1’s needed to satisfy the weight. (i.e. Theorem 1.1 was violated.)
Proposition 4.15 There does not exist any CW (95, 62).
Proof
3 ≡ 231 (mod 95).
3 is a multiplier and gives 5 orbits with a spectrum 1136218141. By Theorem
1.1, |P | = 21 and |N | = 15. However, there is no way to get 21 +1’s and 15
-1’s with the given spectrum.
Thus, there cannot exist CW (95, 62). Q.E.D.
Similar proofs using multipliers, orbit spectrums, and |P |, |N | show the
nonexistence of the following circulant weighing matrices:
Table 2: Matrices in Violation of Theorem 1.1
CW (n, k2) Multiplier Orbit Spectrum |P |, |N |
(115, 62) 2 ≡ 37 (mod 115) 1141112442 21, 15
(119, 62) 2 ≡ 314 (mod 119) 113282244 21, 15
(119, 102) 2 ≡ 522 (mod 119) 113282244 55, 45
(151, 102) 2 ≡ 510 (mod 151) 111510 55, 45
(161, 62) 2 ≡ 362 (mod 161) 1132112334 21, 15
(167, 62) 2 ≡ 364 (mod 167) 11832 21, 15
(199, 102) 5 ≡ 248 (mod 199) 11336 55, 45
(187, 62) 4 ≡ 22 ≡ 344 (mod 187) 114452208 21, 15
(187, 102) 4 ≡ 22 ≡ 528 (mod 187) 114452208 55, 45
(191, 62) 2 ≡ 379 (mod 191) 11952 21, 15
(191, 102) 5 ≡ 240 (mod 191) 111910 55, 45
19
5 Updated Strassler’s Table
Strassler’s Table of Circulant Weighing Matrices originally appeared in [16].
Here, the table is updated with the information from this paper, as well as
information from [2], [4], and [6].
Table Key: Existence (Y), Nonexistence (.), Nonexistence shown in this
paper (N), and open cases (?) for CW (n, s2).
Table 3: Strassler’s Table of CW (n, s2) in 2009
s 1 2 3 4 5 6 7 8 9 10
n
1 Y . . . . . . . . .
2 Y . . . . . . . . .
3 Y . . . . . . . . .
4 Y Y . . . . . . . .
5 Y . . . . . . . . .
6 Y Y . . . . . . . .
7 Y Y . . . . . . . .
8 Y Y . . . . . . . .
9 Y . . . . . . . . .
10 Y Y . . . . . . . .
11 Y . . . . . . . . .
12 Y Y . . . . . . . .
13 Y . Y . . . . . . .
14 Y Y . . . . . . . .
15 Y . . . . . . . . .
16 Y Y . . . . . . . .
17 Y . . . . . . . . .
18 Y Y . . . . . . . .
19 Y . . . . . . . . .
20 Y Y . . . . . . . .
21 Y Y . Y . . . . . .
22 Y Y . . . . . . . .
23 Y . . . . . . . . .
24 Y Y Y . . . . . . .
25 Y . . . . . . . . .
26 Y Y Y . . . . . . .
27 Y . . . . . . . . .
28 Y Y . Y . . . . . .
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Table 3: Strassler’s Table of CW (n, s2) in 2009
29 Y . . . . . . . . .
30 Y Y . . . . . . . .
31 Y . . Y Y . . . . .
32 Y Y . . ? . . . . .
33 Y . . . Y . . . . .
34 Y Y . . . . . . . .
35 Y Y . . . . . . . .
36 Y Y . . . . . . . .
37 Y . . . . . . . . .
38 Y Y . . . . . . . .
39 Y . Y . . . . . . .
40 Y Y . . ? . . . . .
41 Y . . . . . . . . .
42 Y Y . Y . . . . . .
43 Y . . . . . . . . .
44 Y Y . . . . . . . .
45 Y . . . . . . . . .
46 Y Y . . . N . . . .
47 Y . . . . N . . . .
48 Y Y Y . ? ? . . . .
49 Y Y . . . . . . . .
50 Y Y . . . . . . . .
51 Y . . . . . . . . .
52 Y Y Y . . Y . . . .
53 Y . . . . . . . . .
54 Y Y . . . . ? . . .
55 Y . . . . N . . . .
56 Y Y . Y . . . . . .
57 Y . . . . . Y . . .
58 Y Y . . . . . . . .
59 Y . . . . . . . . .
60 Y Y . . . ? . . . .
61 Y . . . . . . . . .
62 Y Y . Y Y . . . . .
63 Y Y . Y . . ? . . .
64 Y Y . . ? . ? . . .
65 Y . Y . . . . . . .
66 Y Y . . Y . . . . .
67 Y . . . . . . . . .
68 Y Y . . . ? . . . .
69 Y . . . . N . . . .
70 Y Y . Y . ? . N . .
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Table 3: Strassler’s Table of CW (n, s2) in 2009
71 Y . . . Y N . . . .
72 Y Y Y . . . ? . . .
73 Y . . . . . . Y . .
74 Y Y . . . ? . . . .
75 Y . . . . . . . . .
76 Y Y . . . ? ? . . .
77 Y Y . . . N . . . .
78 Y Y Y . . Y . . . .
79 Y . . . . . . . . .
80 Y Y . . ? . ? . . .
81 Y . . . . . N . . .
82 Y Y . . . . . . . .
83 Y . . . . . . . . .
84 Y Y . Y . . . Y . .
85 Y . . . . N . . . .
86 Y Y . . . . . . . .
87 Y . . . . . Y . . .
88 Y Y . . ? . . . ? .
89 Y . . . . . . . . .
90 Y Y . . . . ? ? . .
91 Y Y Y . . Y . . Y .
92 Y Y . . . N . N ? .
93 Y . . Y Y . . . . .
94 Y Y . . . N . N . .
95 Y . . . . N ? . . .
96 Y Y Y . ? ? ? ? . .
97 Y . . . . . . . . .
98 Y Y . Y . . . N . .
99 Y . . . Y . . . ? .
100 Y Y . . . . . . . .
101 Y . . . . . . . . .
102 Y Y . . . . . . . .
103 Y . . . . . . . . .
104 Y Y Y . . Y . . ? .
105 Y Y . Y . ? . . ? .
106 Y Y . . . . . . . .
107 Y . . . . . . . . .
108 Y Y . . . . . . . .
109 Y . . . . . . . . .
110 Y Y . . ? N . N ? ?
111 Y . . . . . . . . .
112 Y Y . Y ? ? . ? . ?
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Table 3: Strassler’s Table of CW (n, s2) in 2009
113 Y . . . . . . . . .
114 Y Y . . . . Y . . N
115 Y . . . . N . . . .
116 Y Y . . . . ? . . .
117 Y . Y . ? ? . . ? N
118 Y Y . . . . . . . N
119 Y Y . . . N . . . N
120 Y Y Y . ? ? ? . . ?
121 Y . . . . . . . Y .
122 Y Y . . . . . . . .
123 Y . . . . . . . . .
124 Y Y . Y Y . . Y . Y
125 Y . . . . . . . . .
126 Y Y . Y . . ? ? . .
127 Y . . . . . . Y . .
128 Y Y . . . . ? ? . .
129 Y . . . . . . . . .
130 Y Y Y . . Y . . ? .
131 Y . . . . . . . . .
132 Y Y . . Y . . . ? Y
133 Y Y . . ? . . . . ?
134 Y Y . . . . . . . .
135 Y . . . . . . . . .
136 Y Y . . . . . . . .
137 Y . . . . . . . . .
138 Y Y . . . ? . N N .
139 Y . . . . . . . . .
140 Y Y . Y . ? . ? . .
141 Y . . . . N . . N .
142 Y Y . . Y N . N . Y
143 Y . Y . . ? . . ? N
144 Y Y Y . ? ? ? . . .
145 Y . . . . . N . . .
146 Y Y . . . . . Y . .
147 Y Y . Y . . . ? . .
148 Y Y . . . . ? . . .
149 Y . . . . . . . . .
150 Y Y . . . . . . . .
151 Y . . . . . . . . N
152 Y Y . . ? . ? . . .
153 Y . . . . . . . . N
154 Y Y . Y . ? . N ?
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Table 3: Strassler’s Table of CW (n, s2) in 2009
155 Y . . Y Y ? . . . ?
156 Y Y Y . ? Y . . ? ?
157 Y . . . . . . . . .
158 Y Y . . . . N . ?
159 Y . . . . . . . . .
160 Y Y . . ? . ? . ? ?
161 Y Y . . . N . . . .
162 Y Y . . . . ? . . .
163 Y . . . . . . . . .
164 Y Y . . . . . . . .
165 Y . . . Y N ? . N ?
166 Y Y . . . . . . . .
167 Y . . . . N . . . .
168 Y Y Y Y . Y . Y . .
169 Y . Y . . . . . . .
170 Y Y . . . ? . ? . .
171 Y . . . ? . Y . . .
172 Y Y . . . . . . . .
173 Y . . . . . . . . .
174 Y Y . . . . Y . . .
175 Y Y . . . N . . . .
176 Y Y . . . . . . . ?
177 Y . . . . . . . N .
178 Y Y . . . . . N . .
179 Y . . . . . . . . .
180 Y Y . . . ? . ? . .
181 Y . . . . . . . . .
182 Y Y Y Y N Y . ? Y ?
183 Y . . . . . . . . .
184 Y Y . . . ? . ? ? .
185 Y . . . . . . . . .
186 Y Y . Y Y . . Y . Y
187 Y . . . . N . . . N
188 Y Y . . . N . N . .
189 Y Y . Y . . ? . . .
190 Y Y . . ? N ? N . ?
191 Y . . . . N . . . N
192 Y Y Y . ? ? ? . ? ?
193 Y . . . . . . . . .
194 Y Y . . . . . . . .
195 Y . Y . . ? . . ? ?
196 Y Y . . . . . ? . .
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Table 3: Strassler’s Table of CW (n, s2) in 2009
197 Y . . . . . . . . .
198 Y Y . . Y . ? . ? ?
199 Y . . . . . . . . N
200 Y Y . . . . . . . .
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6 Future Work
Although 52 previously open existence case have been settled, Strassler’s
Table has many cases that need solved. Research can focus on solving indi-
vidual cases, or it can be extended to find a general solution for the existence
of CW (n, s2) for s ≥ 5. Moreover, while this research developed matrices
over cyclic groups, it would be interesting to extend the results to see how
weighing matrices are developed over non-cyclic abelian groups.
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